Axisymmetric microelectromechanical (MEM) vibratory rate gyroscopes are designed so the central post which attaches the resonator to the sensor case is a nodal point of the two Coriolis-coupled modes that are exploited for angular rate sensing. This configuration eliminates any coupling of linear acceleration to these modes. When the gyro resonators are fabricated, however, small mass and stiffness asymmetries cause coupling of these modes to linear acceleration of the sensor case. In a resonator postfabrication step, this coupling can be reduced by altering the mass distribution on the resonator so that its center of mass is stationary while the operational modes vibrate. In this paper, a scale model of the disk resonator gyroscope (DRG) is used to develop and test methods that significantly reduce linear acceleration coupling. High performance axisymmetric vibratory angular rate sensors 7 have become a topic of great interest because of their potential to 8 perform as well as ring laser gyroscopes while requiring much 9 less power. The silicon disk resonator gyroscope (SiDRG), whose 10 resonator is shown in Fig. 1 , is being developed for tactical navi-11 gation applications (0.1 deg/h minimum bias instability) and moti-12 vates the study in this paper. These gyroscopes operate by 13 utilizing the Coriolis coupling of in-plane modes to angular 14 motion [1] . This paper focuses on the two elliptical Coriolis-15 coupled modes, also called the n ¼ 2 modes, which are the pair of 16 modes most widely used for angular rate sensing. Ideally, these 17 Coriolis-coupled modes cannot be excited through linear accelera-18 tion of the sensor case. This theoretical "decoupling" from linear 19 acceleration has two important benefits. First, it enables the reso-20 nators to achieve high quality factors by reducing coupling to the 21 less lightly damped modes of the sensor case [2] . Second, it 22 removes a source of spurious rate signals when the sensor is oper-23 ated as a gyroscope since linear acceleration of the sensor case 24 does not excite the modes.
node of these modes [8] . The analysis showed that the coupling The large scale resonator dubbed the macro disk resonator 58 gyroscope (DRG), which was previously used in the authors ' tun-59 ing studies [7] , is modified so that in-plane vibration of the center 60 of the resonator is allowed. Thus, as the forcers drive the Coriolis- pling of the modes to vibration at the resonator's attachment point. 66 As small magnets are placed on the outer rings of the resonator to 67 implement reversible mass perturbations, a change can be seen in 68 the nature of the linear acceleration coupling. 69 The discussion begins with an explanation of the process by 70 which a coupling matrix, which includes the four "imbalance" The experimental setup of the Macro DRG, configured to measure linear acceleration coupling. The resonator hangs from the flexible post so that inplane movement of the resonator's attachment point can be measured by the accelerometers. On the right hand side of the resonator, near one of the D 2 actuators, two stacks of the NdFeB magnets can be seen. These are used to create a reversible mass perturbation to the resonator. Right: A schematic of the forcer/pickoff arrangement for the Macro DRG. The angular positions for mass perturbations are measured as the angle with respect to the x-axis, which is aligned with the A 1 and S 1 sensors and intersects the central axis of the post. Fig. 1 Left: The Silicon Disk Resonator Gyroscope (SiDRG) has an 8 mm diameter and motivates the study in this paper. Only one quadrant of the resonant structure is shown here. In an operational gyroscope, electrodes are embedded between the rings to drive and sense the in-plane elliptical Coriolis-coupled modes. Right: The frequency response of the SiDRG exterior ring's radial velocity to in-plane excitation of the resonator's central attachment point. The two n 5 2 Coriolis-coupled modes exist at two slightly different frequencies, indicating a detuning which is caused by small mass asymmetries. The fact that these modes are observable in this experiment suggests that the Coriolis-coupled modes exhibit coupling to movement at the attachment point, which can impact an operational gyroscope's performance by allowing linear case acceleration to produce spurious rate signals. By performing mass perturbations on the top surface of the resonator it is possible to reduce this coupling. This paper investigates methods for reducing the coupling and tests these methods on a macro-scale model of the SiDRG (shown in Fig. 2 ). The two n 5 1 modes, which correspond to in-phase motion of the resonator rings, are nominally coupled to linear acceleration and Coriolis forces, but are not generally used for rate detection.
124 coupled and then integrated so that they are proportional to the 125 post velocity in a neighborhood of the n ¼ 2 Coriolis modes. The linear acceleration coupling model that relates the two fre-146 quency responses displayed in Fig. 4 assumes that the vibration of 147 the resonator couples to the velocity of the post by the coupling 148 matrix, B, i.e.,
149 where s 1 and s 2 are the radial velocities of resonator at S 1 and S 2 150 while v 1 and v 2 are the velocities of the structure at A 1 and A 2 . The 151 bar over the coupling matrix denotes that it is constant with 152 respect to frequency.
153
The radial velocities can be thought of as measurements of the 154 "velocity" states of the Coriolis modes and, because B is a real 155 matrix, v 1 and v 2 are simply linear combinations of these states. 156 The coupling matrix, B, is generally identified for a particular 157 mass perturbation scenario and can be represented as The 2 3 2 frequency response of the accelerometer velocity to a chirp input from each forcer, denoted H v , is displayed using the dotted traces, while the frequency response of the capacitative sense measurements from the same inputs, denoted H s , is displayed using the solid traces. If no linear acceleration coupling were present, the accelerometer velocity responses would be nearly linear in this frequency range and correspond to motion of resonator center as a consequence of the cantilever response of the post to which it is attached.
168 The real and imaginary parts of a sample measurement of B(x) 169 are shown in Fig. 6 . In order to agree with (1), B(x) should be 170 real and constant with respect to frequency in a neighborhood of 171 the Coriolis-coupled modes. In this experiment, however, the 172 small imaginary part and the small slope are caused by the dynam-173 ics of the post. These dynamics are linear with respect to 174 frequency in the narrow frequency range of the Coriolis-coupled 175 modes, but change as mass perturbations are made to the struc-176 ture. Because it is difficult to compensate for the effect of the 177 post, each of the four components of the real, 2 Â 2 coupling 178 matrix, B, are approximated by averaging the corresponding real 179 parts of B(x), denoted below as B R ðxÞ, at the frequencies of the 180 two Coriolis-coupled modes, i.e.,
181 where x 1 and x 2 are the two frequencies of the n ¼ 2 Coriolis-182 coupled modes. Fig. 6 The real (left) and imaginary (right) parts of the four components of B(x). The slopes of the real parts and the small imaginary parts are caused by post dynamics in the region of the modes of interest. A constant, real coupling matrix, B, is calculated by taking the average of the real parts of B(x) at the two resonant frequencies. Fig. 7 An experiment that tests the linearity of DB with respect to m. Five separate tests were done in which the value of B was measured as magnets were added to an individual spoke. Magnets were attached in two stacks so that the final test with twelve magnets is performed with two stacks of six magnets. The average of the four channels of DB is plotted as the dots whereas the error bars give the standard deviation of the tests. The solid line is a least square fit to the averaged data. The assumption that DB is linear with respect to m appears to be appropriate. 
223 where m is the magnitude of the mass perturbation in milligrams 224 and the argument terms are expressed in radians. This approxima-225 tion fits the data well, and is plotted as the dotted trace in Fig. 8 . 4.2 Comparison to the Analytical Ring Model. The promi-227 nent features of the empirically derived perturbation function for 228 the Macro DRG are, perhaps unsurprisingly, similar to the fea-229 tures of the analytically derived perturbation functions for similar, 230 but simpler, structures. The analysis of Zhbanov et al., which 231 addresses hemispherical resonators, suggests that linear accelera-232 tion coupling can be eliminated by balancing only the first and 233 third harmonics of the angular mass distribution [8] . The same an-234 alytical technique can be applied to a single ring to reach the same 235 conclusion. As the disk resonator structure is essentially a collec-236 tion of rings, it is instructive to derive the effect of mass perturba-237 tions on linear acceleration coupling in planar rings. 238 First, the center of mass is expressed in terms of its x and y 239 components, denoted C x and C y , respectively. Next these are 240 decomposed into static and dynamic parts such that dynamic parts of the center of mass position can be written as Fig. 8 The four components of the perturbation matrix, DB, plotted against the placement of the perturbing mass. In this case, the coupling matrix, B, was measured as a six magnet test mass is placed at each of the spokes as well as the midpoints in between the spokes. The perturbation matrix is taken as the difference between the coupling matrix of the perturbed resonator and coupling matrix associated with the unperturbed resonator. The test was conducted five times and the error bars represent the standard deviation of the data. The dotted trace is given by the first and third harmonic approximation of the averaged data explicitly given in Eq. (6) .
PROOF COPY [DS-10-1142] 018106JDS
246 where w is the angle between the modal axes and the x-axis, A is 247 the amplitude of vibration, and the N total masses have angular 248 positions / i , as illustrated in Fig. 10 . One can express this rela-249 tionship using a coupling matrix for a ring, B ring , that has the 250 same form as Eq. (1) C 
271
The decoupling method discussed in this section, dubbed the Fig. 9 The magnitudes of the discrete Fourier transform of the mean values plotted in Fig. 8 . The four bars of each grouping are the DB 11 , DB 12 ,DB 21 , and DB 22 components, respectively. It is clear that the first and third harmonics are the dominant features of the perturbation function. The coupling matrix derived from the data in Fig. 6 is used to 296 start the decoupling process which can be followed in Table 1 . At 297 each step, optimization (13) suggests that perturbations of M i 298 magnets be added to the locations / i . The actual number of mag-299 nets utilized for each perturbation is calculated by rounding to the 300 nearest integral value. A new coupling matrix is estimated and the 301 process is repeated until the optimization suggests that each of the 302 optimal perturbations is less than 0.6 magnets. The linear acceler-303 ation coupling is assessed by computing the H 2 norm of the 304 forcer/accelerometer transfer function in a neighborhood of the 305 n ¼ 2 modes. This is discussed in more detail in the next section Fig. 11 A plot of trðH Ã v H v Þ before and after the two decoupling methods were implemented. Each of the methods exhibit over a 95% reduction in the H 2 norm of the forcers-to-accelerometers transfer functions. For reference, the transfer function H v measured prior to decoupling is the solid trace plotted in Fig. 4 . Fig. 12 Uncorrelated white-noise inputs with equal variance are applied to the two electromagnetic forcers in a frequency band encompassing the modes of interest for both the original and decoupled cases. The velocities of the post are measured before decoupling (gray) and after decoupling (black) using the spokes method.
342 demonstrates the feasibility of reducing linear acceleration 343 coupling through mass perturbations. This section presents a 344 more generalized and robust method. The first improvement 345 removes the need for a previously measured perturbation func-346 tion. This considerably increases the appeal of the method 347 because, when other resonators are fabricated, the perturbation 348 functions will likely be different. The Spokes Method, which, 349 as implemented in the previous section, requires that sixteen ir-350 reversible perturbations be made to the resonator in order to 351 derive its perturbation function and clearly involves more test-352 ing than necessary. In contrast, the method discussed in this 353 section, denoted the "general method," approximates the first 354 can be estimated by finding the least squares solution of Fig. 13 The averaged power spectrum of both accelerometers with uncorrelated band-limited noise inputs with a 50mv= ffiffiffiffiffiffi ffi Hz p spectral density before (gray) and after (black) decoupling is performed using the spokes method. The modes of interest are located between 1630 and 1650 Hz.
Fig. 14 A ring down test is performed on the resonator before and after decoupling is implemented and the time responses of the peak outputs are plotted. The quality factors are approximated by the slope of linear least square fits to the data. The low frequency mode shows a marked increase in its quality factor.
6.3 Choice of Initial Perturbation Locations. The general 392 method must start with an estimate of the perturbation function. 393 Thus, four "calibrating" perturbations are made to provide this 394 estimate. Ideally, these perturbations are performed in a way that 395 allows for a balanced estimate of the perturbation function while 396 not adding additional coupling to the system. In order to ensure 397 that an equal emphasis is placed on the first and third harmonics, 398 the four test masses of equal magnitude should be spaced using 399 the following relation eral Method, the steps of which can be followed in Table 2 Fig. 15 A plot of the (1, 1) component of DBðm 0 ; uÞ as measured during the calibrations for the example of the general method. The diameters of the circles scale with the magnitudes of the perturbation used for each calibration step. The first and third harmonic approximation of the perturbation function, [cos u sin u cos 3u sin 3u]x 11 , is plotted using the solid line. This approximation is used to guide the final two decoupling steps. The dotted line is the first and third harmonic approximation that was shown in Fig. 8 . Though it does not precisely match the previous approximation, which utilized more perturbations, the new approximation is still a useful decoupling tool.
